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1 Introduction 



The word chirality (meaning handedness) was introduced by William Thom- 
son, better known as Lord Kelvin ^3], as a property of a geometrical figure 
which occurs when "its image in a plane mirror, ideally realized, cannot be 
brought into coincidence with itself". There are many scientific examples 
of this phenomenon. For instance, chemists and biologists have discovered 
molecules which exist in two distinguishable enantiomers, which are mirror 
images of each other; in some cases, one form is beneficial whereas the other is 
poisonous. The phenomenon of chirality also appears in quantum mechanics, 
and more generally in theoretical physics. 

These facts (see also jU HJ El H21 Ej ) provide a strong motivation for the 
study of chirality in mathematical models of physical structures. Many of 
these models are graphs embedded in the plane or 3-dimensional Euclidean 
space, or in more complex spaces endowed with a non-Euclidean geome- 
try. For instance, fullerenes (recently-discovered positively-curved carbon 
structures) are modelled by 3-valent polyhedra with pentagonal and hexag- 
onal faces, the pentagons being separated by hexagons; negatively-curved 
schwarzites arise if the pentagons are replaced with heptagons. These are 
special examples of maps. 

Let us be more precise. A map on a surface is a cellular decomposition 
of a closed surface into 0-cells called vertices, 1-cells called edges and 2-cells 
called faces. The vertices and edges of a map form its underlying graph. A 
map is said to be orientable if the supporting surface is orientable, and is 
oriented if one of two possible orientations of the surface has been specified. 
An automorphism of a map is an automorphism of the underlying graph 
which extends to a self-homeomorphism of the underlying surface. Map 
automorphisms split naturally into two classes, orientation-preserving and 
orientation-reversing automorphisms. We say that a map is chiral if it admits 
no orientation-reversing automorphism. These concepts extend naturally to 
hypermaps, generalisations of maps which we shall explain later. 

Although the phenomenon of chirality appears in many investigations of 
maps and hypermaps (see Coxeter and Moser [7] for instance), no detailed 
study of chirality seems to have been carried out. A starting-point which 
led us to such a project was the observation that chirality of maps and 
hypermaps is not merely a binary invariant but can be quantified. Even 
more surprising was the fact that different approaches to measuring chirality 
lead to equivalent definitions, giving rise to related new invariants associated 
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with any (hyper)map — the chirality group and the chirality index, the latter 
being the size of the chirality group. A detailed investigation of the chirality 
groups of maps and hypermaps will be the main objective of this paper. 

In the investigation of maps and hypermaps it is often convenient to 
replace the topological objects with their combinatorial counterparts. Indeed, 
it is well-known that a map Ti on an orientable surface can be described by 
two permutations R and L acting on the set of darts (directed edges, or arcs). 
The permutation R cyclically permutes the darts based at the same vertex, 
consistently with a chosen orientation of the surface, while L interchanges the 
two oppositely directed darts sharing the same edge. Thus the orientation of 
the map can be encoded by the choice of R (the other possibility being -R -1 ), 
and our maps are by definition oriented (or "polarized" using the language 
of physicists). By connectivity, the action of the group Mon (Ti) = (R,L) 
is transitive on the set of darts of Ti. A hypermap is obtained if we simply 
relax the requirement L 2 = 1 by allowing L to be of any order, so maps are 
particular examples of hypermaps. With the above notation Ti is said to be 
mirror symmetric or reflexible if the assignment R i— > R -1 , L i— > L^ 1 extends 
to a group automorphism of (R,L); if it does not extend, we say that Ti is 
chiral. 

Clearly, any hypermap Ti covers some reflexible hypermap /C, because in 
the worst case we can take /C to be the trivial map consisting of one dart 
and a vertex attached to it. For simplicity, let us assume that the actions of 
Mon (Ti) and Mon (/C) are both regular. Then the covering Ti — > /C arises 
from factoring out a certain normal subgroup of Mon(7i). The minimal 
subgroup X(Ti) < Mon(7i) such that Ti/X(Ti) is a reflexible hypermap is 
called the chirality group of Ti. It is straightforward that Ti is chiral if and 
only if X{TL) is nontrivial. There is a dual approach to the definition of 
the chirality group, obtained by considering the smallest reflexible hypermap 
which covers Ti. It is proved in Section 3 that these two approaches are 
equivalent. 

In general, \X(Ti)\ < |Mon(W)|. The most extreme type of chirality 
arises when X(Ti) = Mon(7i); such hypermaps, called totally chiral, are 
studied in Section 5 where we construct examples of them by considering 
an appropriate "asymmetric" pair of generators for some non-abelian simple 
group. In Section 6 we show that every finite abelian group is the chiral- 
ity group of some hypermap, whereas it is shown in Section 7 that many 
non-abelian groups, including symmetric and dihedral groups, cannot arise 
as chirality groups. The general problem of characterising chirality groups 
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remains open. 



2 Hypermaps 

By an oriented hypermap we mean a triple TC = (D, R, L) where D is a set 
of darts and R and L are two permutations generating a permutation group 
Mon (TC) = (R,L), called the monodromy group of TC, acting transitively on 
D. The permutations R and L will be called the canonical generators of 
Mon (TC). The orbits of R, L and RL on D will be called the hypervertices, 
hyperedges, and hyperfaces, respectively 

In general, the set of darts of a hypermap may be infinite, however, our 
main interest lies in finite hypermaps, those where the set D (equivalently, 
the group Mon (TC)) is finite. All hypermaps in this paper will be finite unless 
the immediate context implies otherwise. 

If m, n and k are the orders of the permutations RL, R, and L, respec- 
tively, then the type of TC the triple (m,n, k), and its Euler characteristic is 
the number x(7i) = \D\(l/m + 1/n + 1/k — 1). 

A hypermap TC is an oriented map if L is an involution. Since the maps 
and hypermaps considered in this paper will be all oriented, the adjective 
oriented will be often omitted. 

Maps are an algebraic abstraction of topological maps, that is, cellular de- 
compositions of closed surfaces. Hypermaps generalize the notion of maps in 
a natural way, but their geometric representations are somewhat less natural; 
they are described, for example, in [HJ 122] • 

An automorphism of a hypermap TC = (D,R,L) is a permutation if> of 
D commuting with both R and L. It is straightforward to see that the 
automorphism group Aut (TC) of TC acts semi-regularly on the set of darts, 
so that |Aut(7i)| divides \D\. If equality holds, the action is regular, and 
consequently TC is called an orientably regular hypermap. 

If TC — (D, R, L) and TC' = (D', R', L') are hypermaps then a covering 
if) : TC — > TC' is a mapping ip : D — > D' satisfying ipR = R'lp and ipL = L'ip] 
note that a covering is necessarily surjective. We then say that TC covers 
TC', and it follows that the assignment R >— > R' and L i— > L' extends to a 
canonical epimorphism Mon (TC) — > Mon (TC') of the monodromy groups. If 
if) is an injective covering, we have an isomorphism TC = TC'. A covering 
TC — ► TC' is smooth if both hypermaps have the same type. 
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Let A denote the free product 

A = (r ,ri,r 2 | r 2 = r x 2 = r 2 2 = 1) 

and let A + = (rir 2 ,r 2 r ) be its even word subgroup. The canonical gener- 
ators of A + will be denoted by p = rir 2 and A = r 2 ro. Observe that the 
triple U = (A + , p, A), with p and A acting on A + by the left translation, is a 
hypermap (clearly, an infinite one) which we will call the universal hypermap. 

For any hypermap H = (D,R,L), finite or infinite, there is an epimor- 
phism p : A + — > Mon (H) sending p to R and A to L. Consequently, H can 
be identified with the hypermap (A + /H, p, A ) whose darts are the left cosets 
of the subgroup H < A + , H being the preimage of the stabiliser of a dart in 
H under the action of Mon (H), and p(xH) = pxH and X(xH) = IxH. With 
some abuse of notation, p : U — > (A + /H, p, A) = Tt is a hypermap cover- 
ing. Thus the monodromy group of any oriented hypermap is a quotient of 
A + , and oriented hypermaps correspond to subgroups of A + . Any subgroup 
H < A + for which (A + /H, p, A) = Ji will be called a hypermap subgroup for 

n. 

In the following statement we summarize some well-known facts on rep- 
resentations of hypermaps by hypermap subgroups (see [H|). 

Lemma 1 Let H, Hi and Tt 2 be oriented hypermaps (not necessarily finite). 
Then the following statements hold: 

(i) Tlx covers H 2 if and only if there are subgroups Hi < H 2 < A + such that 

Hi = (A + /H u Ri,Li) and H 2 = (A+ / H 2 , R 2 , L 2 ) where R^xHi) = 
pxHi and Li(xHi) = XxHi for i = 1, 2; 

(ii) Hi = H 2 if and only if the corresponding hypermap subgroups are 

conjugate in A + ; 

(iii) H is orientably regular if and only if there exists a normal subgroup 
N < A + such that H = (A + /N, pN, XN). Thus orientably regular 
hypermaps correspond to normal subgroups of A + . 

While automorphisms of oriented hypermaps give rise to orientation- 
preserving self-homeomorphisms of the underlying surface, a hypermap may 
admit external symmetries coming from self-homeomorphisms which change 
the orientation of the surface. Such symmetries are called mirror symme- 
tries (or reflections, or inversions). More precisely, a permutation ip of D 
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will be called a mirror symmetry of an oriented hypermap 7i = (D,R,L) if 
ijjR = R~ l ip and tpL = L~ l ip. An orientably regular hypermap admitting 
mirror symmetries is said to be reflexible or regular, since the automorphism 
group acts regularly on flags (triples formed by a mutually incident hyperver- 
tex, hyperedge and hyperface). On the other hand, an orientably regular hy- 
permap with no mirror symmetries will be called a chiral hypermap. Observe 
that conjugation by r 2 induces an automorphism of A + inverting its genera- 
tors p and A. Since a hypermap subgroup H of an orientably regular hyper- 
map 7i is normal in A + , its conjugates in A are H and H ro = H T1 = H 1 " 2 . 
Let H r denote this common conjugate H n . It is straightforward to see that 
H r is a hypermap subgroup of the mirror image TL r = (D, it! -1 , L~ v ). 

3 The Chirality Group and Chirality Index 
of a Hypermap 

The aim of this section is to introduce invariants which in some sense measure 
the mirror asymmetry of a hypermap. 

Let Tt be an orientably regular hypermap with hypermap subgroup H, a 
normal subgroup of A + . Then the largest normal subgroup of A contained 
in H is the group H A = H n H r , and the smallest normal subgroup of A 
containing H is the group H = HH r . The corresponding hypermaps 7i A 
and 7i are respectively the smallest reflexible hypermap that covers 7i, and 
the largest reflexible hypermap that is covered by TC. In particular, if TL is 
finite, so is H A , since the intersection of two subgroups of finite index also 
has finite index. 

Proposition 2 The four groups H A /H, H/H A , H A /H r and H r /H A are all 
isomorphic to each other. 

Proof. The third isomorphism theorem gives 

H A /H = HH r /H H r /(H n H r ) = H r /H A , 

and similarly H A /H r = H/H A . Conjugation by a generator r\ of A induces 
isomorphisms H A / H = H A /H r and H/H A = H r /H A . □ 

We will call this common group the chirality group X{TL) of H, and its 
order the chirality index k = k(TL) of H. Thus H is reflexible if and only 
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if k — 1, and in general X{TL) and k(TI) can be regarded as algebraic and 
numerical measures of how far H deviates from being reflexible. 

Theorem 3 Let H be an orientably regular hypermap with chirality index k. 
Then — > 7i and Ti, — > 7Y A are both K-sheeted regular coverings with cover- 
ing transformation group isomorphic to the chirality group X(7i). Moreover, 
the covering 7i/\ — > Tt is smooth. 

Proof. Let H be the hypermap subgroup for TL. Since H A is normal in H 
and H is normal in H , these coverings are both regular. By Proposition 
2 the corresponding covering transformation groups and H A /H are 

isomorphic, and they coincide with X(TL). The number of sheets of the 
covering is the index \H : H&\ or \H A : H\, equal in each case to = k. 

Since r^pr^ = p _1 , T2 _1 Ar 2 = A -1 , and r 2 _1 (pA)r 2 = A(pA) _1 A _1 , the 
same powers of p, A or pA lie in H as in H r , and hence as in H n H r = H A . 
Thus H A has the same type as H, and is therefore a smooth covering of H. 
□ 

In general, the covering H — >• 7i A need not be smooth; indeed, we shall 
see in Section 5 that there are nontrivial hypermaps Tt for which 7i A is the 
trivial hypermap, of type (1, 1, 1). 

Corollary 4 IfHis an orientably regular hypermap with chirality index k, 
then x(W A ) = kxCH). 

Proposition 5 The chirality group X(H) of each orientably regular hy- 
permap 7i is isomorphic to a normal subgroup of the monodromy group 
Mon (Tt). 

Proof. X(H) = H A /H < A+/H ^ Mon (hi). By Theorem 3, X is normal 
in Mon (H). □ 

Since the number of darts in an orientably regular hypermap coincides 
with the order of the monodromy group, Proposition 5 and Lagrange's The- 
orem now imply: 

Corollary 6 The chirality index of any orientably regular hypermap divides 
the number of darts. 

The following example shows that the chirality index of a hypermap can 
be arbitrarily large. 
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Example 1 (see |3J) Consider the metacyclic group 

G = ( a, b | a n = 1, b m = a s , bab~ l = a r ) 

of order mn, where rs = s (mod n) and r m = 1 (mod n) for some m > 2. 
If we regard a and 6 as the canonical generators for an orientably regular 
hypermap 7i = (G, a, b) with monodromy group G, then the chirality group 
X(7i) can be interpreted as the smallest normal subgroup N of G such that 
the assignment a i— ► a^ 1 and 6 i— ► induces an automorphism of G/N. We 
obtain this quotient from G by adding the extra relations formed from those 
of G by replacing a and b with their inverses. In this case, it is sufficient to 
add 6 _1 a _1 6 = a~ r , or equivalently, b~ x ab = a r , so that a = &(6 -1 a6)fo _1 = 
(a r ) r = a r2 in G/iV. Thus a 7,2 " 1 = 1 in G/N, so in G it follows that K = 
(a r _1 ) is a subgroup of N. On the other hand, it is easy to see that if is a 
normal subgroup of G such that G/K is invariant under replacement of the 
generators with their inverses. By minimality N = K, so X{H) = (a r 
and k(7{) = nj gcd(ra,r 2 — 1); since m > 2, this can be arbitrarily large. 

4 Normal Subgroups of A and A + 

In order to study chirality groups further we need some elementary results 
about which normal subgroups of A + are also normal in A. 
The following result is obvious. 

Lemma 7 Let N be a normal subgroup of A + , and let G = A + /N. Then 
the following are equivalent: 

(i) iV is normal in A; 

(ii) N r = N; 

(iii) G has an automorphism inverting both of its canonical generators; 

(iv) the hypermap corresponding to N is reflexible. 

Let us call a generating pair x, y for a group G symmetric if there is an 
automorphism of G inverting both x and y, and asymmetric otherwise. Let 
us call a 2-generator group G strongly symmetric if all its generating pairs are 
symmetric. By Lemma 7, this condition means that every normal subgroup 
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of A + with quotient group G is normal in A, or equivalently, every orientably 
regular hypermap with monodromy group G is regular. 

Proposition 8 The following groups are all strongly symmetric: 2-generator 
abelian groups, dihedral groups, PSL 2 (q) for any prime power q, and the 
symmetric group S n for n < 5. 

Proof. Every abelian group has an automorphism inverting all its elements. 
If two elements generate a dihedral group, they are either two reflections 
or a reflection and a rotation; in the first case they are both inverted by 
the identity automorphism, and in the second case they are inverted by 
conjugation by the reflection. Macbeath ^H] showed that if x, y and x',y' 
are two generating pairs for PSL 2 (q) with trx = trx', try = try' and 
trxy = trx'y', then there is an automorphism sending x to x' and y to y'; now 
trx = trx" 1 , try = try' 1 and trxy = tryx = tr(yx)" 1 = trx" 1 ?/" 1 , so x,y 
form a symmetric pair (see [2U| for this and related arguments). The small 
symmetric groups are dealt with by a routine inspection of their generating 
pairs. □ 

Note that this shows that the alternating groups A n are strongly sym- 
metric for n < 6 since A% and A 2 are trivial, A 3 = C3, A4 = PSL 2 (3), 
A 5 PSL 2 (A) and A & PSL 2 (9). 

An immediate consequence of Proposition 8 is the following: 

Corollary 9 If N is a normal subgroup of A + such that A + /N is abelian or 
dihedral or isomorphic to PSL 2 (q) or S n for some n < 5, then N is normal 
in A. 

Example 2. As an application of Corollary 9, the following simple example 
shows that every elementary abelian group of prime power order q = p e > 4 
can arise as a chirality group. (We will extend this result later to all finite 
abelian groups, but for this we need a more complicated construction.) Let 
G be the 1-dimensional affine group AGL\{q) over the field F q of order q, 
consisting of the transformations t^-at + h where a,b G F q and a 7^ 0. This 
is a split extension of the translation group B = {t 1— >■ t + b \ 6 G F q }, an 
elementary abelian group of order q isomorphic to the additive group of F q , 
by the group A = {t t— > at \ a G F*}, isomorphic to the multiplicative group 
F* — F q \ {0} of F q . Let x and y be the elements t 1 — »■ ct and t 1— > t + 1 of 
G, where c generates the (cyclic) group F*. Then x and y generate G, so 
the epimorphism 6 : A + G, R 1— > x, L 1— > y realises G as the monodromy 
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group of an orientably regular hypermap Ti, with hypermap subgroup H = 
ker9 < A+. 

If T denotes the Galois group of F q (over its prime field F p ) , then Aut G 
can be identified with ATLi(q), the group of transformations t \— > at 7 + b 
where a ^ and 7 e T; this contains G as a normal subgroup, and induces 
automorphisms of G by acting by conjugation. It follows that x is inverted 
by an automorphism of G if and only if c is equivalent to c _1 under T. Now V 
is a cyclic group of order e, generated by the Frobenius automorphism 1 1— > t p 
of F g , so the images of c under T are the powers cP l for i = 1, . . . , e. Thus c 
is equivalent to c _1 if and only if c pI+1 = 1 for some i, or equivalently (since 
c has order p e — 1) if p e — 1 divides p l + 1, which is impossible if p e > 4. Thus 
H is chiral for all q > 4, so # A > 

If N denotes 9~ 1 (B) then A+/N = G/B = A, which is abelian, so TV 
is normal in A by Corollary 9, and hence if A < N. Now B is a minimal 
normal subgroup of G, so TV/ if is a minimal normal subgroup of A + /H. 
Since iV > H A > H it follows that H A = N, so U has chirality group 

5 Totally Chiral Hypermaps 

The most extreme type of chirality, and often the easiest to study, occurs 
when an orientably regular hypermap H is totally chiral, meaning that the 
chirality group of TC coincides with its monodromy group. If H is the map 
subgroup of A + corresponding to 7i, then 7i is totally chiral if and only if 
H = A + , so a totally chiral hypermap is one which covers no nontrivial 
reflexible hypermaps. 

In this section we will study some examples of this phenomenon, before 
considering more general forms of chirality in the next section. 

A perfect group is one with no nontrivial abelian epimorphic images. 

Corollary 10 The monodromy group of a totally chiral hypermap cannot 
have any nontrivial strongly symmetric group as an epimorphic image; in 
particular, it must be perfect. 

Proof. Let 7i be a totally chiral hypermap with monodromy group Mon (Ti.) = 
A+/H for some H < A + . Assume, for a contradiction, that Mon (H) has a 
nontrivial strongly symmetric epimorphic image G. Then there exists a sub- 
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group N of A+ such that H < N < A and G = A + /N. Since A+/N is 
strongly symmetric, we have N <j A and hence NN r = N. Therefore 

A+ = HH r < NN r = N < A+ 

which is a contradiction. In particular, since abelian groups are strongly 
symmetric, they cannot occur as nontrivial epimorphic images. □ 

The most obvious examples of perfect groups are the nonabelian sim- 
ple groups, so it makes sense to inspect these for examples of totally chiral 
hypermaps. 

Lemma 11 If X is a simple group with an asymmetric generating pair, then 
X is the monodromy group of a totally chiral hypermap. 

Proof. Let x and y be an asymmetric generating pair for X, and let H be the 
kernel of the epimorphism A + — > X given by R t— > x, L i— > y, so X = A + /H 
is the monodromy group of the orientably regular hypermap Ti corresponding 
to H. By Lemma 7 we have H r ^ H, so H A is a normal subgroup of A + 
properly containing H. The simplicity of X gives H A = A + , so H is totally 
chiral. □ 

Some simple groups X have an element x which is not inverted by any 
automorphism; if there is a second element y such that x and y generate X, 
then Lemma 11 implies that X is the monodromy group of a totally chiral 
hypermap. Here we give two families of groups which illustrate this principle. 

The Ree groups Re(3^) = ^2 (3-0 and the Suzuki groups Sz(2^) = 
2 B 2 {2^) are defined for all odd / > 1, and are simple for / > 1. They 
were first described in [TBI HH] an d EI] respectively, and a good account of 
their properties can also be found in Chapter XI of jTTj. 

Theorem 12 For each odd f > 1 there are totally chiral hypermaps with 
monodromy groups Re{&) and Sz(2*). 

Proof. The Suzuki group X = Re(3^), for odd / > 1, is a simple epimorphic 
image of the triangle group A(2, 3, 7), and hence of A + , with generators x and 
y of orders 2 and 3. As shown in (THj, y is not inverted by any automorphism 
of X, so Lemma 11 applies. Similarly Sz{2^) is a simple epimorphic image of 
A(2, 4, 5) for odd / > 1, and the generator of order 4 is not inverted by any 
automorphism [21] . (See [T31 Section 6] and [TU Section 6] for further details 
and for descriptions of the chiral hypermaps associated with these groups.) 
□ 
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Other simple examples of this phenomenon include the Mathieu groups 
M p for p = 11 and 23: in each case an element of order p is a member of a 
generating pair, but is not inverted by any automorphism (see jS] for details). 

A more common phenomenon among simple groups is that both members 
x and y of a generating pair may be inverted by automorphisms, but no 
single automorphism inverts them both. To illustrate this we consider the 
alternating groups A n , which are simple for all n > 5; here every element, 
having the same cycle structure as its inverse, is inverted by conjugation in 



Theorem 13 If n > 7 there is a totally chiral hypermap with monodromy 
group A n . 

Proof. If n is odd, let X be the subgroup of the symmetric group S n generated 
by the permutations x — (1 2 ... n) and y = (124). These are both even, so 
X < A n . Any a;-invariant relation must be congruence mod (m) for some m 
dividing n, and y preserves this only for m = 1 and n, so X is primitive. A 
primitive group containing a 3-cycle must contain A n |23| Theorem 13.3], so 
X = A n . For n > 7 one can identify Aut A n with S n , acting by conjugation on 
its normal subgroup A n ; the only permutations inverting x are the reflections 
in the obvious dihedral group D n containing x, and these do not invert y, so 
Lemma 11 gives the required result. 

If n is even, one can take x = (12 ... n — 1) and y = (In) (2 3) in A n . The 
group X = (x, y) is clearly transitive; since x fixes n and has a single cycle 
on the remaining points, X is doubly transitive and hence primitive. Now X 
contains a 5-cycle [x,y] = x~ 1 y~ 1 xy = (In 342), and a theorem of Jordan 
Pffi Theorem 13.9] states that a primitive group of degree n, containing a 
p-cycle for some prime p < n — 3, must contain A n . It follows that X = A n 
provided n > 8. Again there is no permutation in S n which inverts x and y, 
so Lemma 11 completes the proof. □ 

By the comment after Proposition 8, this result does not extend to A n 
for n < 6. 

For a similar class of examples, we use the simple groups PSL d (q) and 
their covering groups SL d (q). Note that the case d = 2 is excluded by 
Proposition 8 and Corollary 10, and similarly PSLs(2) = SL^(2) is excluded 
since it is isomorphic to PSL2(7). 
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Each a G GL d (q) induces an inner automorphism L a : g ^ g a = a~ l ga 
of GL d (q), each 7 G T = GalF g induces an automorphism by acting on 
matrix entries, and the adjoint mapping g 1— > g* = {g T )~ l is also an auto- 
morphism of GL d (q) (the graph automorphism in Lie algebra terminology). 
Every automorphism of GL d (q) is a composition of these, having the form 
a a,7 : 9 | — ► (g a ) 7 or /3 a>7 : <? 1— > ((g*) a ) 7 . These automorphisms all induce 
automorphisms of PGL d (q), SL d (q) and PSL d (q), and conversely all auto- 
morphisms of these groups arise in this way. Since every matrix is similar 
(that is, conjugate) to its transpose, every element of these groups is in- 
verted by some automorphism. Nevertheless, it is usually possible to find an 
asymmetric generating pair in these groups. 

Theorem 14 If d > 3 and if the prime power q is sufficiently large ( in 
terms of d) then there are totally chiral hypermaps with monodromy groups 
SL d (q) and PSL d (q). 

Proof. Let x be a diagonal matrix in X = SL d (q), with spectrum A C F q 
consisting of d distinct eigenvalues, so the centraliser of x in GL d (q) consists 
of the diagonal matrices. We will show that if q is sufficiently large then one 
can choose A so that x is a member of an asymmetric generating pair x, y 
for X, with a similar result for their images x, y in X = PSL d (q). 

The automorphisms t a preserve eigenvalues, the field-automorphisms act 
naturally on them, and the adjoint automorphism inverts them. The image 
x of x in X is represented by the matrices ujx where u d = 1, and these 
have spectrum uA. For any fixed d > 3, if q is sufficiently large one can 
choose A to be distinct from the sets u;(A _1 ) 7 where u d = 1 and 7 G T, 
and also from the sets cuA 7 except where to — 1 and 7 = 1. (For example, 
one can take A = {£, ( 2 , . . . , C d ~\ C' d ^ 1 ^ 2 } for sufficiently large q, where 
( generates F*, noting that inversion and multiplication by u preserve the 
multiset of ratios A//i for X, fi G A; no such choice is possible for d — 2 since 
the condition detx = 1 forces A = A -1 .) Our conditions on A then ensure 
that the only automorphisms inverting x (and hence the only automorphisms 
inverting x) are the automorphisms f} a% \ : g 1— > {g*) a where a commutes with 
x and is therefore a diagonal matrix. A simple calculation shows that the 
proportion of elements y G X (or y G X) inverted by any such (3 a ,\ approaches 
as q —>■ 00, whereas recent results on random generation of simple groups 
[TUj imply that the proportion of y such that (x,y) = X approaches 1. 
This means that for all sufficiently large q, X has an asymmetric generating 
pair x, y, so Lemma 11 shows that X is the monodromy group of a totally 
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chiral hypermap, corresponding to the kernel H of the obvious epimorphism 

Clearly x, y form an asymmetric pair, since any automorphism of X in- 
verting them would induce an automorphism of X inverting x and y; we 
now show that they generate X. The subgroup S = (x, y) maps onto X, so 
SZ = X where Z is the centre of X, and hence S is normal in X (since it 
commutes with Z); now Xj S = SZ/ S = Z/(SC\Z), which is abelian, and X 
is perfect, so S = X as required. This gives an epimorphism A + — > X with 
kernel K contained in H. Now K A is a normal subgroup of A + , properly 
containing K, so by the normal structure of X = SL d (q) we have K A < H 
or K A = A+. The first case implies that H/K A is the centre of A + /K A , 
so H is normal in A, which is false. Hence K A = A + , so the hypermap 
corresponding to K is totally chiral, with monodromy group X. □ 

No doubt, a more careful examination of the families of finite simple 
groups would reveal further examples of totally chiral hypermaps. 

6 Chirality Groups and Direct Products 

In this section we define a form of direct product of hypermaps, and we 
investigate how the chirality group of the product can be expressed in terms of 
the chirality groups of the factors. As an application of our general results we 
show that every finite abelian group is the chirality group of some hypermap. 

Let H and /C be orientably regular hypermaps with hypermap subgroups 
H,K < A + . We define the least common cover TL V K and the greatest com- 
mon quotient TC A/C of H and JC to be the orientably regular hypermaps with 
hypermap subgroups H D K and (if, K) = HK respectively. For example, 
we have = 7i V HT and 7i A = 7i A HI ' . Clearly, every common cover 
of H and /C also covers H. V /C, and any common quotient of them is also a 
quotient of H A /C. The coverings H V /C — > H and K — > H A /C are regular 
with covering transformation group H/ (H(~)K) = HK/ K, and the coverings 
H V /C — > /C and — > A /C are regular with covering transformation group 
K/(HDK) = HK/H. 

We can write = (Di,Ri,Li) and /C = (D 2 ,R2,L 2 ) for sets Dj of 
darts, so that the actions p i— > A i— > Lj of A + on and -D 2 induce a 
product action p i— > _R, A i— > L of A + on the set D — D± x D 2 , given by 
R(x,y) = (Rix,R 2 y) and L(x,y) = (Lix,L 2 y). If this action is transitive 
then it determines an orientably regular hypermap H x JC = (D, R, L) called 
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the oriented direct product of ft and JC, with hypermap subgroup Hf]K. The 
following straightforward lemma tells us when this construction is possible 
(see 0): 

Lemma 15 IfTC and JC are orientably regular hypermaps, then the following 
three conditions are equivalent: 

(a) A + acts transitively on D; 

(b) ft A JC is the trivial orientable hypermap, with one dart; 

(c) HK = A + . 

When these conditions are satisfied, we say that ft and JC are orientably 
orthogonal, and write ft _L JC; then ft x JC exists, and is isomorphic to ft V/C, 
with monodromy group Mon (TC x K) — Mon (ft) x Mon (TC). For example, 
ft is totally chiral if and only if TC _L ft r , in which case ft a = TC x ft r with 
Mon (ft A ) = Mon (ft) x Mon (ft r ) S (Mon (ft)) 2 . 

Proposition 16 Let TC and JC be orientably regular hypermaps, with hyper- 
map subgroups ft and K , such that JC is totally chiral and covers TC. Then 
the product £ = JC x TC r is an orientably regular hypermap with chirality 
group X{£) £ H/K 

Proof. Since K, is totally chiral and K < H, we have KH r > KK r = A + , 
so KH r = A + and hence /C _L TV' . Consequently, the product C = K x TV' 
is a well-defined orientably regular hypermap with hypermap subgroup L = 
K(lH r . Using L A = K flL r , the third isomorphism theorem, and KL r = H, 
we have X(C) ^ L r /L A = L r /(K n U) = KL r /K = H/K. □ 

We define two groups A and B to be mutually orthogonal, and write 
A _L B, if they have no non-trivial common epimorphic images. 

Lemma 17 Let TC and JC be orientably regular hypermaps. 

(a) //Mon (ft) JL Mon (£), tfien TC ± )C. 

(b) 7jf ; m addition, TC and JC are totally chiral, so is TC V JC. 

Proof, (a) Let H and K be the hypermap subgroups of A + corresponding 
to ft and JC. If ft if 7^ A + , then A + /HK is a non-trivial epimorphic image 
of A + /ft = Mon (ft) and of A + /K = Mon (/C), against our assumption. 
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(b) Since ft _L ft r , we have ft A = ft x ft r , and similarly for /C A . The 
groups Mon (ft A ) = Mon (ft) x Mon (ft r ) ^ (Mon (ft)) 2 and Mon (/C A ) = 
Mon(/C) x Mon(/C r ) = (Mon(£)) 2 are mutually orthogonal (since Mon (ft) 
and Mon (K) are), so ft A JL /C A by (a). Now (H H K) A = H A f] K A , so 

Mon (ft V /C) A = Mon (ft A ) x Mon (/C A ) 

= (Mon (ft) x Mon(ft r )) x (Mon (/C) x Mon(/C r )) 

= (Mon (ft) x Mon(/C)) x (Mon (ft r ) x Mon(/C r )) 

= Mon (ft V /C) x Mon ((ft V /C) r ) 

as required. □ 

The converse of (a) is false: for instance, for each prime p there are p+l 
mutually orthogonal orientably regular hypermaps ft with Mon (ft) = C p . 

Corollary 18 Let ft 1; ... , ft fc fre orientably regular hypermaps. 

(a) // the groups Mon (ftj) are pairwise orthogonal, then 

ftiV---Vft fc = fti X ••• Xft fe . 

(b) 7/j m addition, each hypermap ftj is totally chiral, then so is ftiV- • -Vft^. 

Proof. This follows by induction on fc: since Mon (ftj) _L Mon (ftfe) for all 
i < k we have Mon(fti) x • • • x Mon(ftfe_i) _L Mon(ftfc), so the previous 
Lemma applies. □ 

We are now ready to prove that every finite abelian group appears as the 
chirality group of some hypermap. First we deal with cyclic groups: 

Proposition 19 For each integer n > 1 there is an orientably regular hy- 
permap with chirality group C n . 

Proof. We have seen in the proof of Theorem 14 that if d > 3 and q is 
sufficiently large, then there are totally chiral hypermaps /C and ft with 
normal hypermap subgroups K < H in A + satisfying A + / K = X = SL^q), 
A+/H ^ X = PSL d (q), and H/K = Z = Z(X). By Proposition 16, 
Z = X(C) where C = /C x ft r . Now Z is a cyclic group of order gcd(g— 1, d), 
and we can choose d (> 3) and q (sufficiently large) so that this takes any 
prescribed value n > 1: if n > 3 we can take d = n and q = 1 (mod n) (recall 
that Euler's Theorem gives p^ n ^ = 1 (mod n) for each prime p not dividing 
n), and if n = 1 or 2 we can take d — 4 and g = or 3 (mod 4), respectively. 
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□ 



We now extend this method of proof to all abelian groups: 

Theorem 20 Every finite abelian group is the chirality group of some ori- 
entably regular hypermap. 

Proof. Every finite abelian group can be written in the form A = C ni x 
• • • x Cn k for some positive integers rii, . . . , n k . By the proof of Theorem 14, 
we can choose normal subgroups Ki < Hi of A + for % = 1, . . . , k such that 
A+/K t = SL di ( qi ), A+/H t = PSL di (qi) and Hi/Ki = Z(A+/#i) = C ni 
with di > 3, and the corresponding orientably regular hypermaps /Q and 
7ii are totally chiral; moreover, if n« = rij for some i ^ j then we can take 
qi 7^ qj. Now every proper normal subgroup of SL d .(qi) is central, so every 
non-trivial epimorphic image of SL d .( qi ) maps onto PSL d .(qi); for distinct 
pairs di (> 3) and ^ the simple groups PSL^qi) are non-isomorphic, so 
they are mutually orthogonal, and hence so are the groups SLd^qi). 

By Corollary 18, the hypermaps Ti. — Hi V • • • V Hk — Hi x • • • x H k and 
K. — K-i V • • • V K, k — Ki x • • • x K. k are both totally chiral, corresponding to 
normal subgroups H — Hi D • • • H H k and K — Ki D • • • H K k of A + with 
H/K = (Hi/Ki) x • • • x (H k /K k ) = A. By Proposition 16 the hypermap 
£ = !CxH r corresponding to L = K n H T has X(C) = H/K = A. □ 

7 Nonabelian chirality groups 

The preceding results make it tempting to conjecture that every finite group 
is the chirality group of some orientably regular hypermap. The next result 
shows that this is false. For any group S, let Z, I and A denote the centre 
Z(S), the inner automorphism group InnS* = S/Z, and the automorphism 
group Aut S. The action of S by conjugation on itself induces a homomor- 
phism S — > / < A with kernel Z; for each subgroup T < S let T denote 
the image TZ/Z of T in /. A subgroup T < S is characteristic in S 1 if it is 
invariant under A; this implies that T is a normal subgroup of A. 

Theorem 21 If a group S has a characteristic subgroup T such that T < S 
and A/T is abelian, then S cannot be a chirality group. 

Before proving this result, let us examine some of its consequences. Recall 
that a group S is complete if S has trivial centre and all its automorphisms 
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are inner, so that S = Aut S. 

Corollary 22 If S is a complete group and S is not perfect, then S cannot 
be a chirality group. 

Proof. Let T be the commutator subgroup S', so T < S since S is not 
perfect. Since Z = 1 we have S = S and T = T, so T < S. Since A = S we 
have A/T = 5/5", which is abelian, so Theorem 21 gives the result. □ 

Corollary 23 The symmetric group S n is a chirality group if and only if 
n<2. 

Proof. Let S = S n for any n > 2, and take T to be the alternating group 
A n , a proper subgroup of S which is characteristic since T = S'. We have 
Z — 1, and if n 7^ 6 then A = 5, so Corollary 22 implies that S cannot be 
a chirality group. If n = 6 then \A : S\ — 2, so A/T = A/T is abelian (of 
order 4) and Theorem 21 gives the required result. However, S n = C n for 
n = 1 and 2, and these are chirality groups by Theorem 19. □ 

More generally, the automorphism group S of a nonabelian finite simple 
group F is always complete. In many cases F has outer automorphisms, so 
S > F; by the Schreier Conjecture S/F is solvable, so S is not perfect and 
hence cannot be a chirality group. 

Corollary 24 The dihedral group D n is a chirality group if and only if 
n<2. 

Proof. Let S be the dihedral group D n = (a,b | a n = b 2 = (ah) 2 = 1), with 
n > 2, and take T = (a) = C n . Since T is generated by the elements of order 
n in S, it is a characteristic subgroup of S. Now A = Aut S is isomorphic to 
the holomorph of C n , a split extension of C n by AutC n = U n , the group of 
units mod (n): the normal subgroup C n is generated by the automorphism 
fixing a and sending b to ab, while the complement U n is the automorphism 
group of T, fixing b. If n is odd, then Z — 1, so S — S and T = T; since 
A/T is isomorphic to U n it is abelian, so Theorem 21 implies that S cannot 
be a chirality group. If n = 2m is even, then Z = (a m ) = C2, so S = D m 
and T = C m ; in this case, A/T = U n x C2 which is again abelian, so we have 
the same result. □ 

The above proof fails for n = 2 since C 2 is not characteristic in D 2 ; indeed, 
D n is abelian for n < 2, and is therefore a chirality group by Theorem 20. 
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Corollary 25 If q = p e where p is prime, and d divides p— 1, then PGL d (q) 
and GL d (q) are not chirality groups. 

Proof. Take S = PGL d (q) and T = PSL d (q), so Z = 1 and S/T = S/T = 
F*/(F*) d = C( d , g _i). We have A = PTL d (q) with A/T abelian (isomorphic 
to C(d >g _i) x C e = ft x C e ) if d divides p — 1, in which case PGL d (q) cannot 
be a chirality group by Theorem 21. The same applies to S — GL d (q), with 
T = SL d (q) and Z the group of scalar matrices, so that S = PGL d (q) and 
T = PSL d (q). □ 

In particular, if q is odd then PGL 2 (q) and GL 2 (q) are not chirality 
groups. 

Proof of Theorem 21. Suppose that S is a chirality group, so A + has a 
normal subgroup # with H/H A ^ /F/# A ^ H A /H # A /iF 5, in the 
usual notation. Let Q = A + /H A , so Q has normal subgroups iVi = H/H A 
and iV 2 = H r /H A , both isomorphic to 5, generating their direct product 
iVi x N 2 = S x S as a normal subgroup iV = H A /H A of Q. Now let C 
be the centraliser Cq(N), a normal subgroup of Q, and for each subgroup 
X < Q let X = ^ X/(X n C), the image of X in Q/C. We have 

iVn(7_= Z(N X ) x Z(JV 2 ) = Z(S) 2 , so N = Nx x N 2 ^ (S/Z^)) 2 , with TV and 
each A^ normal in Q. The action of Q by conjugation on N, preserving each 
Ni, induces a faithful action of Q; this gives an embedding Q < AutA^ x 
Aut N 2 = A 2 , where A denotes Aut S. 

In the natural homomorphism S — > S — S/Z(S) = InnS* < A, where S 
acts on itself by conjugation, any characteristic subgroup T of S maps to a 
normal subgroup T of A, contained in S. Suppose that T < S and A/T is 
abelian. If T» is the subgroup of AT, corresponding to T, then T 1 x A^ 2 is a 
normal subgroup of Q, with 

Q/(Tx x N 2 ) < A 2 /(T 1 x JV 2 ) A/Tx x A/]V 2 . 

Now A/Ti is abelian, as is its quotient A/N 2 , and hence so is Q/{T\ x A / " 2 ). 
The automorphism a of A + acts on Q, preserving X and hence C, so it 
induces an automorphism of Q, inverting its two generators; since Q/(Ti x 
A^ 2 ) is abelian, it has an automorphism inverting its two generators, so a 
preserves T x x N 2 . However, it transposes N x and N 2 and hence transposes 
T\ x N 2 and N\ x T 2 , which are distinct since T» < AT,. This contradiction 
shows that 5 cannot be a chirality group. □ 

A similar argument shows that A 5 cannot be a chirality group. For other- 
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wise, putting S = A 5 we have Z(S) = 1 and A = S 5 , so A 5 x A 5 < Q < S 5 xS 5 
with a inducing an automorphism of Q which transposes the two copies of 
A5. This implies that A + has a normal subgroup, with quotient group A$ or 
£5, which is not normal in A, contradicting Corollary 9. 

In contrast with the rather simple criteria in Theorem 20 and Corollar- 
ies 23 and 24 the next result suggests that a complete characterisation of 
chirality groups will be a difficult task. 

Theorem 26 The 1-dimensional afhne group AGL\(q) is a chirality group 
if and only if q is an odd power of 2 

Proof. If S = AGLi(q) then Z = Z(S) = 1, and we can identify A = Aut S 
with ATL 1 (q). This group consists of the transformations t 1— > at 1 + b of 
F q , where a,b G F q , o ^ and 7 G T = GalF g ; this Galois group is a cyclic 
group of order e generated by the Frobenius automorphism t 1— > t p of F ? , 
where q = p e and p is prime. The transformations with 7 = 1 form the group 
5, a normal subgroup of index e in A on which A acts by conjugation. 

In the proof we will use the following subgroups of S: for each divisor d of 
q — 1 let T rf be the group of transformations t at + b where a is a d-th power 
in F* This is the unique subgroup of index d in S, so it is characteristic in 
S; A/T d is a split extension of S/T d = C d by A/S ^T = C e . 

If q is odd, we can apply Theorem 21 with T = T 2 . We have S = S and 
T = T,soT<S. Since A/T = A/T = C 2 x C e , which is abelian, Theorem 
21 implies that S cannot be a chirality group. 

Now let q = 2 e . First we show that if e is odd then S is a chirality group. 
Since AGL\(2) = C 2 , we may assume that e > 1. Let x G A be given by 
t I— > t 2 , and let y G 5 be given by 1 1— > w(t — f ) + t> = -ut + (1 — -u)t> , where u 
generates F* and f G F q \F 2 . Then y generates the stabiliser 5^ in 5" of v, a 
cyclic group of order q — l consisting of the transformations t 1— > u l {t — v) +v, 
and its conjugate y x = x^yx : t 1— > + (1 — w)t>) 2 = M 2 t + (1 — -u) 2 t> 2 

generates the stabiliser S*^ of v 2 . Since f 7^ 0, 1 we have f 7^ f 2 , so S*„ 7^ S v 2. 
Since 5 acts primitively (in fact, doubly transitively) on F q , the stabilisers 
of points are maximal subgroups of S, so S — (S V ,S V 2) = (y,y x ); since 
xS generates A/S it follows that A = (x,y,y x ) = {x,y}. This gives an 
epimorphism 9 : A + — > A, so that A is the monodromy group of a regular 
orientable hypermap, corresponding to the normal subgroup H = ker9 of 
A+. 

The normal subgroup K = Q-^S) of A+ satisfies A+/K ^ A/S = 
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GalF q = C e , so A + /K is abelian; it follows from Corollary 9 that K is 
normal in A and hence H A < K. If we can show that H A = K then we have 
a chirality group H A /H = K/H = S, as required, so suppose that H A < K. 
Since H A > H we have H A = 9~ 1 (N) for some normal subgroup iV of A, 
properly contained in S, and hence contained in a maximal normal subgroup 
of S. Now the maximal normal subgroups of S are the subgroups T p defined 
earlier, one for each prime p dividing q — 1, so TV < T p for some p. Since q is 
even, p is odd. We have 

A/T p = (x,y\x e = y p = l,y x = y 2 ), 

so in A/T p we have 

(y-'r 1 = y' 1 ' 2 (=y (p - 1)/2 ). 

Now the automorphism a of A + leaves H A and K invariant, so it induces an 
automorphism of A/N (= A + /H A ) leaving S/N (= K/H ) invariant; since 
Tp/N is the unique normal subgroup of index p in S/N it is invariant under 
a, which therefore induces an automorphism of A/T p . This automorphism 
inverts x and y, so by applying it to the relation y x = y 2 of A/T p we get 

Or 1 )*" 1 = y- 2 

in A/Tp. Comparing these two equations we get y~ 1 ^ 2 = y~ 2 , so y 3 = 1 in 
A/Tp and hence p = 3. Thus q = 2 e = 1 mod (3), so e is even, against our 
hypothesis. This contradiction shows that AGL 1 (2 e ) is a chirality group for 
all odd e. 

If e = 2f is even then q = 1 mod (3), so S 1 has a characteristic subgroup 
T = T 3 with 

A/T=(x, 2 /|x e = 2 / 3 = l,^ = y 2 ) 

and S/T = (y) = C3. The subgroup (a; 2 ), isomorphic to C/, is normal (in 
fact, central) in A/T, with quotient isomorphic to D 3 ; let U denote its inverse 
image in A, so T < U < A with U/T = Cf and A/U = D 3 . For any subgroup 
X of A (or of A 2 ), let X* denote its image XU/U = X/(X n C/) in A/C/ (or 
in A 2 /U% so 5* ^ C 3 and A* = D 3 . We have T 2 < 5 2 < Q < A 2 , so C 2 ^ 
(S 2 )* < Q* < (A 2 )* = D\ and hence Q* is either Cf or D 2 or an extension 
of Cf by C 2 . Now a transposes H and iF, so it induces an automorphism of 
Q , inverting its generators and transposing the corresponding two normal 
subgroups C3. However, these two normal subgroups of Q have quotient 



21 



group C 3 or D 3 or D 3 x C 2 = D 6 , which are abelian or dihedral, so in each 
case Corollary 8 implies that they are invariant under a. This contradiction 
shows that AGLi(2 e ) is not a chirality group when e is even. □ 
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